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Abstract

Finite-horizon linear-quadratic (LQ) control generally requires time-varying policies, whose
complexity grows with the horizon. We study a simpler alternative that restricts learning to a
single stationary linear feedback policy. We show that this restriction is asymptotically cost-
free for long horizons: stationary policies achieve an O(H 1) performance gap relative to the
finite-horizon optimum. By establishing finite-horizon-to-average-cost approximations for both
costs and policy gradients, we connect the finite-horizon learning problem to the infinite-horizon
average-cost LQ problem and obtain convergence guarantees in both known-model and model-
free settings. The stationary parameterization has a horizon-independent policy dimension
and more favorable horizon dependence in the theoretical convergence bound, with an O(H 1)
approximation error as the trade-off. Numerical experiments on synthetic LQR and optimal
liquidation demonstrate the computational advantages of learning stationary policies in long-
horizon problems.

1 Introduction

The linear-quadratic regulator (LQR) is a classical model in optimal control and reinforcement
learning. Its linear dynamics and quadratic cost structure make it analytically tractable while
retaining many of the fundamental challenges of sequential decision making. LQ control can be
formulated in both discrete and continuous time, and over finite or infinite horizons. When the
system dynamics are known, optimal feedback policies are characterized by Riccati equations [3, [5].
LQ models also arise in applications such as optimal trade execution [2].

When the dynamics are unknown, LQR has become an important benchmark for learning-
based control. In discrete time, a substantial literature studies model-based and adaptive-control
approaches, where the learner estimates the system dynamics or updates the controller online, with
performance characterized through regret or sample-complexity guarantees [, [10} [18] 8]. Related
learning problems have also been studied in continuous time. In particular, logarithmic-regret guar-
antees have been established for episodic continuous-time finite-horizon LQ reinforcement learning
with unknown coefficients [4].

A complementary line of work optimizes the controller directly rather than first identifying the
underlying dynamics. Policy-gradient methods optimize over a parameterized policy class, and
global convergence guarantees have been established for infinite-horizon discrete-time LQR despite
the nonconvexity of the policy-optimization problem [T} 20]. Related policy-optimization methods
have also been studied for continuous-time LQ control [7]. When the model is unknown, zeroth-
order and derivative-free methods further allow descent directions to be estimated directly from
rollout costs [17].
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For finite-horizon noisy LQR, policy-gradient convergence has been established in both known-
and unknown-model settings [16]; related finite-horizon exploratory LQ problems have also been
studied in continuous time [I3]. A key difference from the infinite-horizon setting, however, is
that the finite-horizon optimal control is generally time-varying. A direct policy-gradient method
therefore optimizes over a sequence of feedback matrices {K h}hH:_Ol, whose number of parameters
grows linearly with the horizon.

This growth is particularly relevant from a learning perspective. A stationary linear policy
requires learning only a single feedback matrix, whereas a general time-varying linear policy contains
H feedback matrices. Thus, the number of policy parameters grows linearly with H for the time-
varying parameterization, while remaining fixed for the stationary one. In the model-free setting,
the simpler parameterization also reduces the cost of gradient estimation. A stationary policy has
only one feedback matrix whose gradient needs to be estimated, whereas a time-varying policy has
H feedback matrices and requires estimating a separate gradient component for each time step.
Thus, the sampling burden of the time-varying parameterization grows with the horizon, while that
of the stationary parameterization does not. Hence, for long horizons, the additional flexibility of
a time-varying policy comes with an increasingly larger optimization and sampling burden.

This motivates the central question of this paper: when the horizon is long, can a much simpler
stationary policy still achieve near-optimal finite-horizon performance? We study stationary linear
feedback policies u;, = —Kxp, which we call simple policies. As discussed above, this restriction
offers substantial advantages in optimization and gradient estimation for long horizons. The central
issue is therefore to understand the trade-off between this reduction in learning complexity and the
loss of flexibility relative to the full time-varying policy class.

The stationary restriction is not directly handled by standard finite-horizon dynamic pro-
gramming, which naturally produces a time-varying optimal policy. By contrast, the infinite-
horizon average-cost LQR admits a stationary optimal control and has a well-understood policy-
optimization geometry [I1, 20]. This suggests using the average-cost problem as an analytical
surrogate for the long-horizon finite-horizon problem.

This viewpoint is inspired in part by the fictitious-discount framework in [14], which stud-
ies stationary-policy approximations and infinite-horizon surrogate formulations for finite-horizon
episodic reinforcement learning of finite-state-action Markov Decision Processes. In a similar spirit,
we optimize over a single stationary feedback control for the finite-horizon LQR and analyze it
through the infinite-horizon average-cost problem. The central question is whether the loss from
this stationary restriction becomes negligible as the horizon grows.

Our analysis develops a finite-horizon-to-average-cost bridge that makes this idea precise. We
show that the average-cost optimal stationary policy is O(H ~!)-optimal for the finite-horizon time-
average problem, and that finite-horizon costs and policy gradients of stabilizing stationary policies
approach their average-cost counterparts at the same order. This allows the favorable policy-
optimization structure of the average-cost LQR to be transferred to finite-horizon simple policy
gradient. We establish convergence guarantees in both known-model and model-free settings, with
the latter using a one-point zeroth-order estimator based only on rollout costs.

An important consequence is that the convergence rate of the simple-policy method does not
deteriorate as the horizon increases in the same way as the direct time-varying parameterization.
Our sufficient contraction factor for simple policy gradient has no explicit dependence on H. In
contrast, under uniformly bounded and nondegenerate state second moments, the corresponding
contraction factor in the time-varying analysis scales as 1 —O(H 1) for step sizes of the same order.
Thus, the theoretical contraction bound favors the simple-policy method by a factor of order H. The
trade-off is approximation: the stationary policy class does not generally contain the finite-horizon
optimum, and our convergence guarantee therefore has an O(H ~!) residual error. Importantly, this



approximation error decreases as the horizon grows, precisely in the regime where the optimization
and learning advantages of the stationary parameterization become most pronounced.

We complement the theory with numerical experiments comparing simple policy gradient with a
time-varying policy-gradient benchmark. The experiments include a synthetic LQR and an optimal
liquidation application. They show that the stationary parameterization becomes increasingly
attractive as the horizon grows, achieving competitive finite-horizon performance while substantially
reducing the optimization and computational burden.

Organization. The rest of the paper is organized as follows. Section [2] introduces the LQR
problem. Section 3| establishes the finite-to-average bridge. Section [4| presents the convergence
analysis of simple policy gradient in the known-model and unknown-model settings. Section
reports the numerical experiments, and Section [6] concludes.

Notation. Throughout the paper, || - || denotes the Euclidean norm for vectors and the spectral
norm for matrices, while || - || denotes the Frobenius norm.

2 Problem set-up

In this section, we introduce the finite-horizon and infinite-horizon average-cost LQR problems
considered in this paper. We consider the discrete-time, time-homogeneous stochastic linear system

Thi1 = Azxp, + Bup, + wy, h >0, (2.1)

where z;, € R? is the state, u, € R* is the control, A € R**¢ and B € R¥* are system matrices,
and wy, € R? is the process noise.

For a finite horizon H > 1, a finite-horizon policy is a sequence of Markov feedback maps E|
T = {Wh}hH;Ol, where 7, : R? = R* and uj, = 7, (2,). We denote the policy class by IIy. The
finite-horizon time-average LQR objective under a policy m € Il is

H-1
1
Ju(m) = EE” Z (:L’;Qxh + uZRuh> . (2.2)
h=0

We denote the optimal finite-horizon cost by C7; := inf; Jg ().
Our main interest is in stationary linear feedback policies of the form

up, = —Kuayp, K e RkXd,

which we refer to as simple policies. For such a policy, we write

H-1
CH(K) = %E [Z x; (Q+KTRK> :Ch] .
h=0

For a stationary linear policy K, whenever the limit exists, define the corresponding infinite-
horizon average cost by

. .1
O = Jim Ol = o 7™

H—-1
S ) <Q + KTRK) xh] . (2.3)

'Restricting to Markov policies is without loss of optimality for the finite-horizon LQR; the same optimal value is
obtained if general adapted controls are allowed.



We next state the basic assumptions for the finite-horizon and average-cost LQR problems.
Additional positive-definiteness conditions will be imposed later when needed for the policy-gradient
analysis.

Assumption 2.1. The process noises {wp }n>0 are i.i.d., have zero mean and finite second moment,
and are independent of the initial state xg. Specifically,

E[wy] =0, E[wpw) | = W =0, E[zozq] = Xo = 0.
The cost matrices satisfy Q@ = 0 and R > 0.
For a square matrix M, let
p(M) :=max{|\| : A€ o(M)}
denote its spectral radius, where o(M) denotes the spectrum of M. We call M Schur stable if
p(M) < 1.

Assumption 2.2. The pair (A, B) is stabilizable; that is, there exists K € RF*? such that A— BK
is Schur stable: p(A — BK) < 1. We call any such feedback control K stabilizing.

We denote the set of stabilizing feedback controls by I := {K € R¥¥d: p(A - BK) < 1}. The
optimal average cost over stabilizing stationary policies is denoted by C* := inf gcxc C(K).

Assumption 2.3. The pair (A, Q/?) is detectable; equivalently, the pair (AT, QY/?) is stabilizable.

Under Assumption the finite-horizon LQR problem admits an optimal linear feedback
policy, which is generally time-varying. Under Assumptions and the infinite-horizon
average-cost LQR admits an optimal stabilizing stationary linear policy. These are classical LQR
results; see, e.g., [3, B [6]. We recall their Riccati characterizations below.

Lemma 2.1. Suppose Assumption[2.1) holds. Then the finite-horizon LQR admits an optimal linear
feedback policy
up = —Kjpxp, h=0,...,H—1,

where

T “oT
K: = (R +B P;HB) BT P}, A
The matrices { P} }hH:O form the unique positive-semidefinite solution of the Riccati difference equa-
tion
T px T px T px -1 T px
Py =Q+ AT A=~ ATP B (R+ B P B) BT Py A
with terminal condition Pr = 0.

Lemma 2.2. Under Assumptions and[2.3,, the infinite-horizon average-cost LQR admits
an optimal stabilizing stationary linear policy

up = —K*xp,
where
T px -1 T p*
K*=(R+BTP'B) BTPA
Here P* = 0 is the unique stabilizing solution of the discrete algebraic Riccati equation
T T T “loT
PP=Q+ATPA-ATPB (R B P*B) BTP*A. (2.4)
Equivalently, P* satisfies
P*=Q+ (K*)"RK* + (A — BK*)" P*(A — BK™). (2.5)



3 Bridging finite-horizon LQR and average-cost LQR

In this section, we establish the connection between the finite-horizon time-average LQR and the
infinite-horizon average-cost LQR. We first show that the average-cost optimal stationary policy
is O(H~1)-optimal for the finite-horizon problem. As a consequence, restricting the finite-horizon
problem to stationary linear policies is asymptotically cost-free as H — oo. We then show that,
for any stabilizing stationary policy, both the finite-horizon cost and its policy gradient converge
to their average-cost counterparts at rate O(H ~1). These results form the finite-to-average bridge
used in the policy-gradient analysis of Section

3.1 Near-optimality of stationary policies for long horizons

We first quantify the finite-horizon performance loss incurred by using the optimal stationary policy
of the infinite-horizon average-cost LQR. Let K* denote the average-cost optimal feedback controller
introduced in Lemma We show that its finite-horizon cost differs from the unrestricted finite-
horizon optimum by at most O(H1).

Lemma 3.1. Under Assumptions[2.]] and 2.5, there exists a constant Lp > 0, independent of
H, such that

L
0<Cy(K*)—Cy < % (3.1)

where Lgap := Lp(Tr(Zo) + Tr(W)).

Proof. For the unrestricted finite-horizon optimum, the standard stochastic LQR representation
gives

H-1
* 1 * *
Ch == |Te(SoP}) + h§0 Tr(W P}, ) (3.2)

By the closed-loop form of the algebraic Riccati equation,
P*=Q+ (K*)"RK* + (A — BK*)" P*(A — BK™).

Using zp4+1 = (A — BK*)x), + wp, and the independence and zero-mean assumptions on wy, we
obtain
Elz], P* 2] = E [a;;(A — BE*)TP*(A - BK*)xh] + Te(WP).

Hence,
E [x{ (Q+ (K*)TRK*):Eh} = Bz} P*zp] — Ela,  P*aniq] + Te(WP¥).

Summing over h =0,..., H — 1 yields
1
Cu(K*) = — [Tr(EgP*) Rz}, Prey] + H Tr(WP*)} . (3.3)

Subtracting (3.2]) from (3.3)), and using P* > 0, gives

1
Ca(K*) - Cy < T

H-1
Te(20) || P* — P3|l + Te(W) Y | P* — Pl
h=0

By the geometric convergence of the finite-horizon Riccati recursion to the stabilizing solution
of the algebraic Riccati equation [I5, Corollary 2|, there exist constants ¢ > 0 and ¢ € (0,1),
independent of H, such that

|Pf— P*|| <cof™"  h=o0,... H



Indeed, by time homogeneity, P; is the initial Riccati iterate of a finite-horizon problem with
remaining horizon H — h and terminal condition zero. Consequently,

H
> B P
h=0

where Lp is independent of H. Substituting this bound into the preceding inequality gives

C
=L
1_9 P

L
Cu(K*) = Cfp < = (Te(So) + Te(W),
which proves the result. O

In particular, since K* is itself a stationary policy, Lemma shows that there exists a sta-
tionary linear policy whose finite-horizon performance gap is O(H~!). Thus, restricting attention
to stationary policies is asymptotically cost-free as H goes to oo.

3.2 Finite-to-average approximation of costs and gradients

Lemma establishes that stationary policies are sufficient for near-optimal finite-horizon perfor-
mance when H is large. To analyze policy-gradient optimization over this stationary policy class,
we now compare the finite-horizon stationary-policy objective Cy(K) with the infinite-horizon
average-cost objective C'(K).

The key observation is that, for a stabilizing controller K, the effect of the initial condition
contributes only a transient O(1) term to the total cost. After normalization by the horizon, this
yields an O(H ') discrepancy in both the objective and its gradient.

For a stationary policy K, let ©X := E[z,z] ] denote the second moment of the state at time
h. If K is stabilizing, let Xk denote the unique positive-semidefinite solution of the Lyapunov
equation

Sk = (A—BK)Sg(A— BEK) +W,
and let Px denote the unique positive-semidefinite solution of
Px =Q+ K'RK + (A — BK)' Px(A — BK).

Lemma 3.2. Under Assumptions and [2.3, let K be stabilizing, and suppose @ = 0 and
W > 0. Then

Leost (K
Cn(K) - O] < L), (3.4)
where C(K) oK)
Leost (K) := ———— [ Tr(2 — .
8= 5 (20 + 25
Proof. For notational convenience, write Ax := A — BK and Mg := Q + K" RK. Under the sta-
tionary policy up = — Ky, the state second moments satisfy E}Ifﬂ = AKEhKA}; + W. Subtracting
the Lyapunov equation g = Ag X KA} + W and iterating gives
SEK v = AL (30 - Sg) (A" (3.5)

Since K is stabilizing,

Te(MgSE),  C(K) =Tr(MgSk).



Hence, by (3.5),

H-1
1 1
Cu(K) = C(K) = & hz_% Tr (Mic Al (S0 — Zi)(AR)") = = Tr(Sk.n(So — k),
where SK,H = hH:_Ol(A};-)hMKA}[L(

Since K is stabilizing, the Lyapunov equation for Px admits the convergent series representation

o0

P = (Ag)"Mg Al
h=0

and therefore 0 = Sk g < Pk. It follows that

On(x) - e < il ) < I i)+ memi

where || - ||« denotes the nuclear norm and we used 3¢, Xx = 0.
By Lemma
C(K) C(K)
Pr|| < Tr(Pg) < ———= Tr(Xg) < :
[Pl < Tr(Pr) < o (V) r(Xx) < pE—re)
Combining the above inequalities yields
1 C(K) C(K)
CgK)-CK)| < =————— ([ Tr(X
Cu(K) - €] < 372U (o) + ST
which proves the result. ]

We next establish the corresponding approximation for the policy gradients.

Lemma 3.3. Under Assumptions[2.1], and[2-3, let K be a stabilizing policy and suppose Q = 0
and W = 0. Then there exists a constant Lgraq(K) > 0, independent of H, such that

Lgrad (K)
7]_] .

An explicit choice of Lgraa(K) is given in (A.9) in Appendiz .

Proof. For a fixed horizon H, let {P[((h;)}hH:0 be defined by

IVCH(K) = VO(K)|r < (3.6)

P}f) —Q+K"RK + (A — BK)TP,((IQH(A — BK), P;(fﬁz =0.

Thus, Pl(gz) is the finite-horizon cost-to-go matrix associated with using the fixed stationary policy
K from time h onward. Define

H H H
B = (R+ BTP) B) K~ BTP{), A

and
Ej = (R i BTPKB) K — BT PgA.



Following [16, Lem. 3.5] and [I1, Lem. 1], the finite- and infinite-horizon policy gradients are

H-1
VCu(K H B H )sK, VO(K) =2ExSk.
h=0
Hence
H—
VO (K) - Z [ Eg)SE + Ex (3 - 5] (3.7)
h

The two terms in (3.7)) correspond to two dlfferent boundary effects. First, subtracting the finite-
and infinite-horizon Lyapunov equations gives

H
Py — Pl((h)—i-l (AT)thp Ath

and hence
Bl — Ex = BT(AR) 1P Allh, (3.8)
Thus, this term captures the terminal-horizon effect.
Second, the state second moments satisfy

SF - Sk = Ak (S0 — Tk)(Af)", (3.9)

which captures the transient effect of the initial state.
Since K is stabilizing, the closed-loop powers decay geometrically. More precisely, Lemma
in Appendix A shows that
2 .
Z 1A% |1? <

with an explicit bound depending only on C ( ) and the system parameters. Consequently, the two
transient sums in (3.7)) are uniformly bounded in H. Therefore, there exists a constant Lgraq (),
independent of H, such that

Lgrad (K)
— g
The detailed estimates for the two transient terms and an explicit choice of Lgaq(K) are provided

in Appendix [A} see (A.9)).

IVCH(K) = VO(K)|r <

O]

4 Simple Policy Gradient for Finite-Horizon LQR

A direct convergence analysis of simple policy gradient for the finite-horizon LQR problem is
challenging because the finite-horizon objective is inherently time dependent, whereas the policy
class considered here is restricted to stationary stabilizing feedback controls. We therefore adopt an
indirect approach and use the infinite-horizon average-cost LQR problem as an analytical surrogate.
Let K* denote the optimal stabilizing controller for the infinite-horizon problem. Our analysis
relies on two finite-to-average approximation results. First, Lemma shows that Cp(K*) —
% = O(%), and hence K* is near-optimal for the finite-horizon problem when H is sufficiently
large. Second, Lemma establishes that |[VCy(K) — VC(K)||p = O(%) over the relevant set
of stabilizing policies. Consequently, an update based on the finite-horizon gradient VCp(K) can
be viewed as an inexact policy-gradient update for the infinite-horizon objective C'(K), with an
approximation error that vanishes as H increases.
This constitutes the main proof strategy for establishing the convergence of simple policy gra-
dient in the finite-horizon setting.



4.1 Known-model case

We first give the policy updating rule and the main convergence theorem.

Algorithm 1 Policy updating with known model
1: Input: Ko, H, n, N
2: forn=0to N —1do
3 Compute VO (K5)
4: Kn+1 =K, — nVCH(Kn)
5
6

: end for
. Return Ky

Let Ky be a stabilizing policy and set Cy := C(Kj). Define the average-cost sublevel set
Ko:={K eK:C(K)<2Cp}.

We use the uniform constants

Zgrad = Ssup Lgrad(K)a
KekKo

20 20,
LCOSt T Umin(W) <T‘r(20) * Umin(Q)) ‘

By Lemma and (A.9)), both constants are finite and depend polynomially on Cj and the problem
parameters.

and

Theorem 4.1. Under Assumptions and [2.3, suppose @ = 0 and W = 0. Let Ky be a

stabilizing policy and set Cy := C(Ky). Consider the iterates generated by Algorithm . There exist
constants 1y, Ho, L1, Lo > 0, independent of H and N, such that for any

0<77§7707 HZH07

we have, for every N >0,

L L
Cr(Kn) = Clr < (1 =)™ (Co = C(K)) + 5 + 77
where v 1= nW. Moreover, Hy, L1, Lo and 770_1 can be chosen to depend polynomially

on Cy and the system parameters. The dependence of these constants is detailed in the proof and
Appendiz B,

Proof. Choose 19 and Hy as specified in Appendix Bl For 0 < n < n9 and H > Hp, Lemma |[D.2
implies that
K, € Ky, n > 0.

In particular,

Z ra
IVCri(Kn) = VO(E) |r < 525

Applying Lemma and using C(K,) < 2Cy, we obtain
=2

Lgrad
C(Knt1) = C(K7) < (1 =7)(C(Kn) = C(K*)) + 180 — 15




64C2

where Qg := W + i. Iterating the above inequality gives
iQ N—
C(Kn) — C(K*) < (1 =) (Co = C(K¥)) + 160 gra Z
=0

2. (W)omin(R)

By the choice of 79, we have 0 < v < 1, and hence ZN 1(1 —7)? < 1. Since y = n7min e ] )

1
we conclude that ’YL
C(Ky) — O(K*) < (1 =) (Co — C(K™)) + 73

where one may take
R o
g% 52 (W) omin(R)

min

@oL
It remains to transfer the bound to the finite-horizon objective. We write

Cu(Kn) — Clp = C(Kn) — O(K*) + (Cu(Kn) — C(Kn))
+ (C(K*) = Cu(K*)) + (Cu(K*) = C).
Since C'(Ky) < 2Cy and C(K™*) < Cy, Lemma gives

2ZCOS
|Cu(Ky) — C(Kn)| + |Ca(K™) — C(K7)| < Tt
Moreover, Lemma [3.1] gives
Lgap
Cn (k) - O < T2
Therefore,
Cy(K c*s < (1 N C C(K* Ll L2
H(KN) —Ch < (1—9) ( 0 —C( ))‘i‘ﬁﬂLﬁa
where

L2 = 2fcost + Lgap-

The claimed polynomial dependence follows from the explicit choices of ny and Hy in Appendix
Lemma [3:2] and the bounds in Appendix [A]
O

Remark 4.2 (Comparison with time-varying policy gradient). For the simple-policy method,

o2 (W)omin(R)

min

“simple = 7Tlsimple ”EK* H = @(nsimple)a

with no explicit dependence on H. In contrast, the contraction factor in the time-varying analysis

of [16)] has the form

Q%{O-min(R)

U *
VYdirect = 277direct -1 - s o ‘= m}in amm(Zh).

If the state second moments are uniformly bounded and nondegenerate, then Yairect = © (Ndirect/H ).
Thus, for comparable step sizes, the sufficient contraction bound for the simple-policy method is
better by a factor of order H. Its sufficient step-size bound can also be chosen independently of H
for sufficiently large H.

10



The trade-off is the restriction to a stationary policy class: our guarantee contains an approxi-
mation error I I
1 2
€ —+—==0
H = 73 + 77 (H™Y,
whereas the time-varying parameterization directly optimizes the finite-horizon objective. These are
sufficient theoretical bounds and need not be tight.

4.2 Unknown-model case

We next consider the model-free setting, in which the system parameters are unknown. Rather
than first estimating the system dynamics, we optimize the policy directly from observed rollout
costs. Since VCp(K) is unavailable, we use a zeroth-order gradient estimator based on randomly
perturbed policies [9, 19]. We show below that its sampling and smoothing errors can be controlled,
allowing the resulting update to be analyzed as an inexact policy-gradient step.

Algorithm 2 Policy update with unknown model
1: Input: Ko, H, n, N, m,r

2: forn=0,...,N—1do

3 Compute Vn using Algorithm

4: Kn+1 =K, — nVn
5
6

: end for
: Return Ky

For a single rollout under policy K, define the empirical finite-horizon cost

H-1
Cu(K) := % Z (mZQxh + u;Ruh> .
h=0

Thus, éH(K ) is a single-sample realization of Cp(K). The zeroth-order estimator used in our
analysis is given in Algorithm |3| It is adapted from [16, Alg. 1], with the key difference that we
perturb a single stationary feedback matrix K, rather than the time-dependent feedback matrices
of a non-stationary policy.

Algorithm 3 Policy Gradient Estimation

1: Input: K, H, m, r, D :=kd
2: for i =1 to m do
3: Sample a perturbation U; ~ Unif(S,) (S, := {U € R¥*4 . |U||p = r})
4: Roll out one trajectory {mg)}hH;Ol under the perturbed policy K + U;
5: Compute
1 H-1 ' ‘
Cu(K +Uy) (@) Qe + )R], ) = —(K + T)af).
h=0
6: end for
7: Return

w\b

K—FU)UZ' (4.1)

1 m
Ve




Algorithm [3] is a one-point zeroth-order estimator. To describe its target, define the ball-
smoothed finite-horizon cost function for » > 0 as

Ci(K) :=Eyunite,) [Cu(K + V)], B, :={VeR V|| <r}.
By the standard spherical smoothing identity [12, Lemma 2.1],

D
VOy(K) = ﬁEUwUnif(Sr)[CH(K + U)UJ, (4.2)

where D := kd. Thus, Algorithm (3| estimates the gradient of the smoothed objective C7;. Since
E[Cy(K + U) | U] = Cy(K +U),

the estimator in Algorithmsatisﬁes E[ﬁ] = V(Y (K). Thus, Algorithmis an unbiased estimator
of the gradient of the smoothed objective C;. The difference between VC;(K) and VCy(K) is
controlled by the local perturbation bounds in Appendix [C] while concentration of the rollout
estimator requires the following assumption.

Assumption 4.1. For each rollout, the initial state and process noises are independent of the
policy perturbation. The initial states, process moises, and policy perturbations used in different
rollouts and different iterations are mutually independent. Moreover:

1. Initial state: xo = pg+ Wozo, where 2o € R? has independent, mean-zero, sub-Gaussian com-
ponents with sub-Gaussian parameter 03, and Wy € R4 js an unknown and deterministic
matriz.

2. Noise process: wp = Wuy, where {vp}n>0 are i.i.d. and independent of xzo. Each vy, € R?
has independent, mean-zero, sub-Gaussian components with sub-Gaussian parameter o2,, and

W e R js an unknown and deterministic matriz.

Assumption is a mild extension of [16, Assumption 4.3] that allows the initial state to have
a nonzero mean ug. The additional mean term only introduces a linear sub-Gaussian term in the
rollout-cost concentration argument.

We are now ready to state the main model-free convergence result. Unlike the fixed high-
probability formulations in [I1}, [16], we keep the confidence parameter explicit: the guarantee holds
for any prescribed § € (0, 1), with logarithmic dependence of the sample size on 1/6.

Theorem 4.3. Under Assumptions and[{.1], suppose Q = 0 and W = 0. Let Ko be
stabilizing and set Cy := C(Ky). There exist constants eg, n{)nf, L > 0, independent of H and N,

such that the following holds. For any N > 1 and any
O<C§%O, 0 < € < Lyyged, 0<6<1,
there exist thresholds ro(€), Ho(e), and mo((, 0, N,r) such that, for any
0<n<ut, 0<r<mle),  H>Hofe), m=moCdN,n),
we have, with probability at least 1 — 6,
Cr(Kn) = Clp < (1= )" (Co = C(K™) + 2LmiC* + ¢,
min (W) Tmin (R)

where vy 1= na"‘in”T*”. Moreover, eq, (nglf)*l, and Lys are polynomially bounded in Cy and

the system and noise parameters. The quantities ro(e) ™', Hy(€), and mo((, 8, N, r) have polynomial
dependence on the corresponding accuracy parameters, while mg depends logarithmically on N/§.
Explicit choices are given in Appendiz D}

12



Proof. By Lemma [D.3] with probability at least 1 — 4,
K, € Ky, n=20,...,N.

We work on this event. Since hgrad(Kn) < Egrad and Lgraa (Kp) < fgrad, Lemma |D.2| gives, for
n=20,...,N—1,

2
Clluir) = CK*) < (1= 9)(CE,) — O 4 100 ¢+ Bar + 55

H

Iterating this inequality and using Z;-V:_Ol(l —q) < % yields

2

C(Kx) = CUK*) < (1=)" (Co = CUK)) + L (6 + Bl + 222

As in the proof of Theorem Lemmas [3.1] and [3.2] imply

L
Cr(Kn) — Cf < C(Ky) = C(K*) + 7.
By the definitions of rg(e) and Hy(e),
—f Zgrad 1 € Lo €
h < —y/— — < —.
grad” T H ~ 2\ L. H =9

Hence,

h

2 Z 2
grad> S 2me42 + 2me <h£rad,r + grad)

me (C + Egradr + H H

< 2LmeC? 4 %
Combining the preceding bounds gives
Cr(Kn) = Chy < (1=7)" (Co = C(K™)) + 2LmiC* + 6,
as claimed. O

Remark 4.4. The stationary parameterization also reduces the sampling cost of the zeroth-order
gradient estimator. To make this comparison concrete, consider the coordinate-wise estimator an-
alyzed in [16, Lem. 4.11] for a time-varying policy K = (Ko, ...,Kpg_1). There, each component
ViCh(K) is estimated using m independently perturbed trajectories, for h =0,...,H — 1. Thus,
estimating the full policy gradient requires mH trajectories per update.

In contrast, under our stationary parameterization, the same perturbation of K is used at every
time step, and the entire gradient VCg(K) is estimated from m trajectories. Hence, for these two
zeroth-order estimators, the number of trajectories per policy-gradient update is reduced by a factor
of H. This difference becomes particularly significant for large horizons.

5 Numerical experiments

We compare simple policy gradient with the time-varying policy-gradient benchmark in two exam-
ples. The first is a synthetic LQR satisfying the assumptions of our analysis. The second is an
optimal liquidation problem, which serves as an application and a stress test outside some of the
standing assumptions.

13



5.1 Synthetic LQR

Set-up. We use the four-dimensional LQR instance from [16, Section 5], with

0.5 0.05 0.1 0.2 —0.05 —0.01 1.0 0.2 —0.005 0.015

A 0.0 0.2 03 0.1 B —0.005 —0.01 0= 02 1.1 0.15 0.0 n_ [ 0.4
0.06 0.1 0.2 0.4|° —-1.0 —0.01}|" —0.005 0.15 0.9 —0.08|" —-0.25
0.05 0.2 0.15 0.1 -0.01 -0.9 0.015 0.0 —-0.08 0.88

We take uo = [5.0,2.0,8.0,5.0]", cov(zg) = diag(0.1,0.3,1.0,0.5), and W = diag(0.1,0.5,0.2,0.3).
The initial policy is chosen as {Ky};; = 0.05 for all i, j.

5.1.1 Known-model comparison

Figure [1] compares fixed step sizes with backtracking line search for both policy parameterizations
and for H € {10,50,100} when the model is known. Backtracking line search gives more reliable
descent across all three horizons and is substantially less sensitive to the choice of a single global
step size. This becomes particularly useful as H increases, since the optimization geometry of the
time-varying parameterization changes with the horizon. We therefore always use backtracking
line search in the remaining experiments unless otherwise specified, so that the comparison is not
driven by an unfavorable fixed step-size choice for either method.

The figure also already suggests a horizon effect in the comparison between the two policy
classes: the relative performance of the simple policy improves as H grows. We investigate this
effect more directly in the model-free experiments below.

Best fixed eta vs backtrack | H=10 Best fixed eta vs backtrack | H=50 Best fixed eta vs backtrack | H=100

wwwwwwwwww

(a) H=10 (b) H = 50 (¢c) H =100

Figure 1: Comparison of descent methods in both settings and all horizons.

5.1.2 Model-free comparison
We use m = 200 rollouts per gradient estimate and tune the smoothing radius over
r € {0.005,0.01,0.05,0.1,0.5,1,2,5,10,20}

for each method and horizon. The selected values are r = 0.5 for the simple policy for all three
horizons, and r = 5,10, 10 for the time-varying benchmark at H = 10,50, 100, respectively. We
report 50 independent runs for H = 10, 50 and 25 runs for H = 100; solid curves show the mean and
shaded regions the 5%—95% quantiles. For both examples, we report the normalized suboptimality

._ CH(KH) - C;I
Err(K,) = C(Ko) = C,”

The benchmark value C%; is computed from the corresponding finite-horizon Riccati recursion. For
each method and horizon, the smoothing radius is selected from the above grid using separate pilot

14
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runs, based on the smallest final normalized error median. For the stationary estimator, m = 200
denotes the total number of rollouts per update. For the coordinate-wise time-varying estimator,
we use m = 200 rollouts for each time component, resulting in 200H rollouts per full policy-gradient
update.

Results. Figure 2| compares the two methods in terms of both optimization iterations and wall-
clock runtime. Two features are particularly clear.

First, the advantage of the simple-policy parameterization becomes more pronounced as the
horizon increases. For a time-varying policy, the number of feedback matrices to be learned grows
linearly with H, whereas the simple policy always optimizes a single matrix K. Thus, increasing the
horizon makes the direct policy class progressively higher-dimensional, while leaving the dimension
of the simple-policy optimization problem unchanged. The iteration plots show that this difference
is not merely a per-iteration implementation issue: for larger H, the simple policy also makes more
effective progress in terms of the number of policy updates.

The runtime plots amplify this difference. In the zeroth-order setting, the coordinate-wise time-
varying estimator must estimate the gradient of each time-dependent feedback matrix, whereas a
single batch of rollouts estimates the gradient of the stationary policy. Consequently, the computa-
tional cost of one update grows much more rapidly with H for the time-varying benchmark. This
explains why the separation between the methods is substantially more visible when performance
is plotted against runtime rather than iteration count.

These results illustrate the tradeoff underlying our analysis. Restricting to a stationary policy
reduces the expressiveness of the policy class and can therefore introduce a finite-horizon approx-
imation error. On the other hand, Sections [ and [] show that this approximation error becomes
small for long horizons, while the optimization problem remains horizon-independent in dimension.
The experiments exhibit precisely this regime: as H grows, the cost of restricting the policy class
becomes less important, while the computational benefit of optimizing over a single feedback matrix
becomes increasingly significant.

Normalized error vs Iteration (H=10) Normalized error vs Iteration (H=100)

—— Simple policy gradient
N

(a) Error vs. iteration, H = 10 (b) Error vs. iteration, H = 50

Normalized error vs Runtime (H= Normalized error vs Runtim

100 — sim

3 4 5 o 10 20 30 40 50 60 70 80 o 50 100 150 200 250
Runtime (seconds) Runtime (seconds) Runtime (seconds)

(d) Error vs. runtime, H = 10 (e) Error vs. runtime, H = 50 (f) Error vs. runtime, H = 100

Figure 2: Comparison of two methods in different horizons.
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5.2 Optimal liquidation

We next consider the discrete-time Almgren—Chriss liquidation example used in [I6]. Let Sj denote
the asset price, g, the remaining inventory, and uy the number of shares sold at time h. The model
can be written directly in LQ form as

1 0 — Z S,
Thy1l = <O 1) Tp + (_¥) up + <U g+1> ) Th = <q:> )

where 7 is the permanent price-impact coefficient and Z, ~ N(0,1).
Following the standard quadratic mean—variance formulation [2, [16], the control-dependent part

of the objective is
H-1

> (bup + ¢0’qp) + (6 + ¢0*)qy, 6= -
h=0

B2

)

up to terms independent of the policy. Thus,

0 O 0 0
Q:<0 ¢02>> R:é, QH:<0 5+¢02>

Setup. We take
f=1.03x1077, v =7.27 %1075, o =0.107, ¢ =5x1075,

with
S() ~ N(200, 1), qo ~ N(500, 1), (K0>ij = —0.2.

The parameters are calibrated from the AAPL data used in [16]. We only study the model-free
setup for this problem. We again use m = 200 and tune r separately for each method and horizon

over
{0.001, 0.005, 0.01,0.05,0.1,0.5, 1,2, 5, 10}.

The selected radii for the simple policy are 0.05,0.01,0.01 for H = 10, 50, 100, respectively, while
those for the time-varying benchmark are 0.5,0.5, 1.

Relation to the theory. This example is intentionally outside some of the assumptions of our
main analysis. In particular, the running state-cost and noise matrices are only positive semidefinite,
the terminal cost differs from the running cost, and the liquidation dynamics do not admit a Schur-
stabilizing stationary feedback control. We therefore use this example as an empirical stress test
rather than as an instance covered directly by the theoretical guarantees.

Results. We use 50 independent runs for H = 10,50 and 25 runs for H = 100, with the same
plotting convention as in the synthetic experiment. Figure |3| shows a more nuanced comparison
than the synthetic example. At the shorter horizon, the time-varying policy can be competitive
with, and in some cases outperform, the stationary policy. This is natural: when the liquidation
horizon is short, boundary and terminal effects are important, and a time-dependent feedback rule
has additional flexibility to adapt its behavior as the terminal time approaches. A stationary policy
cannot reproduce this time dependence exactly.

The comparison changes as the horizon grows. For H = 50 and especially H = 100, the benefit of
optimizing the much smaller stationary policy class becomes increasingly visible. The time-varying
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method must learn a separate feedback control at every time step, while the stationary method
continues to optimize only one control. At the same time, the relative importance of the terminal
boundary becomes smaller over a long horizon. These two effects work in the same direction: the
additional flexibility of the time-varying policy becomes less valuable, while its optimization and
sampling burden continues to grow with H.

The distinction between the iteration and runtime plots is also informative. A comparison
against iterations isolates, to some extent, the optimization behavior of the two parameterizations,
whereas the runtime plots additionally account for the substantially different cost of constructing a
policy-gradient estimate. The larger separation in runtime for long horizons therefore reflects both
the easier optimization problem and the lower per-update computational cost associated with the
stationary parameterization.

Despite these departures from the theoretical setting, the same qualitative horizon effect persists.
This suggests that the computational motivation for stationary policies extends beyond the regime
covered directly by our guarantees.

Normalized error vs Iteration (H=10) Normalized error vs Iteration (H=50) | Normalized error vs Iteration (H=100)
10°

107

(a) Error vs. iteration, H = 10 (b) Error vs. iteration, H = 50 (¢c) Error vs. iteration, H = 100

Normalized error vs Runtime (H=10) Normalized error vs Runtime (H=50) Normalized error vs Runtime (H=100)

- — Simpte pocygradent . -
= Nonstationary poly gadient o e — —
100
10 —_— 20
. 5 107 5
£ 102 : £
H

107 — Simple policy gradient
Non-stationary policy gradient

20 E) 100 150 200
nnnnnnn (seconds) Runtime (seconds) Runtime (seconds)

(d) Error vs. runtime, H = 10 (e) Error vs. runtime, H = 50 (f) Error vs. runtime, H = 100

Figure 3: Comparison of two methods in different horizons in liquidation application.

6 Conclusion

We studied a simple stationary-policy approach to finite-horizon linear-quadratic control when the
horizon is long. Although the finite-horizon optimal policy is generally time-varying, we showed
that optimizing over a single stabilizing feedback control incurs only an O(1/H) approximation
error. At the same time, the resulting optimization problem has a dimension independent of the
horizon, and its policy-gradient convergence rate does not deteriorate with H.

We further developed a model-free zeroth-order policy-gradient method for this stationary pa-
rameterization and established high-probability convergence guarantees. The numerical experi-
ments support the same qualitative picture: the additional flexibility of a time-varying policy can
be useful for short horizons, while the computational and sampling advantages of the stationary
parameterization become increasingly pronounced as the horizon grows.
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ilar

Several extensions are natural. In particular, it would be interesting to understand when sim-
long-horizon simplifications hold for time-varying dynamics and costs, more general terminal

objectives, and control problems beyond the stabilizing LQ setting.
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A Important bounds derivations

In this appendix, we establish several auxiliary bounds for stabilizing stationary policies. These
bounds are used in the proof of Lemmas [3.2] [3.3] and in the subsequent policy-gradient analysis.

Lemma A.1. Suppose K is stabilizing and QQ = 0, W = 0. Then

C(K) C(K)
< < Z7
Tr(Pg) < o (V) Tr(Zk) < —.(0)
Consequently, | Px|, ||Pxllr < % and |[Xkll, [[Xkllr < Urfiff)).

Proof. Let Mg := Q + KTRK. Since K is stabilizing, C(K) = Tr(MgX ). Because Mg = Q =
omin(Q@)I, we have
C(K) > omin(Q) Tr(Zk),

which yields Tr(Xg) < UC‘(I(%).

For the bound on Pk, using

My = Pg — (A — BK)" Pg(A — BK),
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we obtain

where the last equality follows from the Lyapunov equation for Xg. Since W = opin(W)I and
PK t 07
C(K)=Tr(PkW) > opin(W) Tr(Pg),

C(K)
and hence Tr(Pg) < Eav (R

Finally, since Px and Xk are positive semidefinite,
1P|l < [|Pxllr < Tr(Pg),  |Zkl < [[Exlr < Tr(Xk),
which proves the remaining bounds. O

We next introduce several operators that will also be used in the perturbation analysis. For a
symmetric matrix X, define

Fr(X):=(A-BK)X(A-BK)', FL(X)=(A-BK)'X[(A-BK)']", h=0,1,2,.... (A.1)

Then define the corresponding infinite sum operator:

Ti(X) = i(A — BK)"X[(A - BK)"". (A.2)
h=0

We also define the corresponding transpose operators
Fr(X):=(A-BK) ' X(A-BK), Fy"(X)=[(A-BK)""X(A- BK)"
0o A3
Ty (X):=> [(A-BK)"|"X(A- BK)". (A-3)
h=0

Finally define the induced norm of ||7x|| and |75 || as

T (X
1Tl = sup TEEI oy
X#0 X#0

[gesll
1X1] '

X
Lemma A.2. For any stabilizing policy K,

Tw=I~-Fg)™,  Td=0-Fp)™"
If, in addition, @ = 0 and W = 0, then

C(K)
Umin(Q)amin(W) ’

C(K)
Umin(Q)Umin(W) ’

[Tkl < 1T <
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Proof. The first two identities follows from the same resolvent argument used in [I1, Lemma 18].
We next establish the norm bounds. By the Lyapunov equation for Y g, ¥ = Tx(W). For
any symmetric matrix X,
—[I X = X <[l X1.

Since Tx is a positive linear operator,
=1 X[ Tx (1) = T (X) 2 ([ X[ T (1),

and therefore ||Tx (X)|| < || X ||| Tx (I)]]. Since W = opmin(W)I,

Using Lemma [AT],
C(K)

min(Q)Umin(W) .

ITic 0] < X))~
C(K)
Thus [Tkl < G @yommmy-
Similarly, writing Mg := Q + KT RK, the Lyapunov equation for Px gives Pk = T (Mk).
Since Mg > Q > omin(Q)I,

T L 2 1
TK (I) - Umin(Q) TK (Q) - Umin(Q) PK
Hence, again by Lemma
C(K
TS Qoo

O]

Lemma A.3. Suppose K is stabilizing and Q = 0, W = 0. Let Ax := A — BK, and define
ag = Cn@ominW) “rpen 0 < i <1, and

C(K)
(AP Al < (1 —ag)"Px,  h>0. (A.4)
Consequently,
Ak < o an bz, (A5)
and . C(K)2
2 Ikl < Co5ior (4.6)

Proof. Since X = W,
O(K) = Tr<(Q i KTRK)EK> > THQSK) > Omin(Q)Tmin(W).

Hence 0 < ag < 1.
Recall that Px = Q + K" RK + Aj.Px Ag. Hence Aj.PxAg < Px — Q. By Lemma



and therefore
(Q)Umin (W)
C(K)

Q = Tin(Q)T = T2 Pg = akxPk.
It follows that A} Px A = (1 — a)Pk. Tterating this inequality gives
(Aj)' P Al < (1 — ag )" Pk

Moreover, since Px = Q > omin(Q)I, for every x € R,

omin(Q) | Afal|® < 2 (AK)" Pr Al

< (1 — aK)h TPKa:

C(K) | 1o
< (1—ag) ——||z|*.
Umln( )
Taking the supremum over ||z| = 1 yields
C(K)
A2 < 1—ag)"
H KH = Umin(Q)Umin(W)( K)
Finally,
.- C(K) . h
D AP < > (1-axk)
he0 Umin(Q)Umin(W) he0
_ C(K) 1 C(K)?
Umln(Q)amln(W) (07:¢ UIQIHH(Q) I2mn<W>
O
Details for the proof of Lemma
We provide explicit bounds for the two transient terms appearing in (3.7). Recall that 'y :=
S5 o lJAR||2) which, by Lemma |A.3| satisfies
C(K)?
Ik A7
72 (@725, (W) (5.0
First, the state second moments satisfy
h—1
S = Ao (AR)" +ZA W(AL).
t=0
Hence,
sup =1 < T (1ol + W11 (A.8)

We first consider the terminal-horizon term. By (3.8]),

H _h_ _
1B — Exllr < I1BIl| Pl pl| AZ-2 )| AZ).
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Therefore, using (A.8) and the Cauchy—Schwarz inequality,

H-1
H 1
S| EE - EsE| | < 1BIIPKlFsup K HZHA Vel
h=0 h20
< BP0l 4 1)

For the initial-state transient, by (3.9),

H-1 H-1
S B ER =26y < I1BkllF D 14%I11%0 — ke
h=0 h=0

<ExllrTk ([Zollr + 1Xk |l F)

< 1Bl (2ol + 2000,

Combining the preceding two estimates with (3.7)), we obtain

Loag(K
IV Cw(K) Vo) | < Zeral)
where one may take
2 C(K)
Lgrad(K) = 2| B[ Prcl| U5 (I Zoll + W[} + 20 Excll#Tic { [150]l 7 + — Q) (A.9)

Moreover,
C(K) = Tr((Q + KTRK)Sx ) = Tr(K T R Sx) = 0min(W)omin (R K7

and hence

1%l < \/Umin(‘i/()l(jrlin(R)' (A-10)

Finally,
Fx = RK — B' Px Ag,

and therefore

HEKHF<\R||\/ i 1B (\AHH\BII\/ — fv(gmm(m). (A1)

Together with Lemma and (A7), these estimates show that Lg,q(K) is bounded polynomially
in C(K) and the system parameters, and is independent of H.

B Known-model policy-gradient analysis

In this appendix, we establish the auxiliary results used in the proof of Theorem We first recall
the gradient-domination and almost-smoothness properties of the average-cost LQR objective, then
derive a one-step descent inequality for the biased gradient VCp(K), and finally show that the
iterates remain in a fixed average-cost sublevel set.
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Lemma B.1 (Gradient domination). Under Assumptions and and suppose W > 0,
for any stabilizing policy K,

C(K) _ C(K*) < HEK*H

= 402, (W)omin(R) IVCE)F (B.1)

where K* is the optimal policy for the average-cost LQR.

The proof follows the standard policy-improvement argument used in [I1, Lemma 11]. In our
average-cost setting, Y is the stationary second-moment matrix and satisfies

Sk =(A—BEK)Sg(A—BK)" +W = W.

Hence omin(Xx) > omin(W), which replaces the lower bound on the state covariance used in the
infinite-sum formulation of [I1].

Lemma B.2 (Almost smoothness). Under Assumptions and let K and K' be two
stabilizing policies, we have

C(K') — O(K) = 2Tr (EK/(K’ - K)TEK) Ty (EKI(K’ — K)"(R+ B PgB)(K' — K)) .
(B.2)

This is the average-cost policy-improvement identity corresponding to [I1, Lemma 12].
We next show the one-step analysis. This follows the similar proof route as [11], but instead of
direct policy gradient, we incorporate a biased gradient here.

Lemma B.3 (One-step analysis in known model case). Under Assumptions and
suppose Q = 0 and W = 0, for any stabilizing policy K, following the update rule K' := K —

n < min i <Umin(Q) Umin(W)>2 1 30min(Q)
B 16 C(K) IBIIVCH(E)|lr(1+]|A—BK|)" 32C(K)|R+ BTPxB|| |
(B.3)

then K' is stabilizing and

o2 (W)omn(R)

C(K’)_C(K*) < <1—T] min HZK*H > (C(K)—C(K*))
2
o <9aaii?g>(2n<w> " i) IVCu(K) = VCE)-

Proof. We first verify that K’ is stabilizing. Let A := K' — K, Ak := A — BK. Since
Pg — AP Ak = Q+ K RK = 0min(Q)1,
we have
Pic — AP Asc = (0n(Q) — 2| Akl [ PN BIIALE — 1Pk [1BI2IAIE) .

By the first step-size condition,

i Umin(Q)Umin(W) ? 1
1AllF < 74 ( C(K) > IBII(L+ [ Axl)
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C(K)

Together with || Px|| < Sk and 22n(@2mnl) <1 this implies P — Ak, Pk A = 0. By the
discrete-time Lyapunov criterion, A is Schur stable.
Define ey (K) := VCy(K) — VC(K) and Sk := R+ BTPxB. by Lemma [B.2] and Ex =
iIVC(K)S;, we have
C(K")~C(K) =—nTr(Sx (VO(K) +epn(K)) VO(K) S ) +0*Tr (S (VO (K) +en (K)) 'Sk (VC(K) +en(K)))
= T (S VO(K) TVO(K)SE) — nTr(Sxren(K) T VC(K)SE)
+7PTr (E 5 VC(K) 'Sk VO(K)) +27° Tr (Exren (K) 'Sk VCO(K)) +7° Tr (S xren (K) Sgen (K))

Npr — 2
< (1B = Zal s sl Trve ) Tve )
Umln(W)
IS kl?

+ (Fr P NSk ) (SO U O(R ) + (e

3 Y — 2
oy (B e okl ) Ty o) T )
4 Tmin(W)

+2n2HEK/HHSK||>T1"(6H(K)T6H(K))

2
b (L o2 ) Tr(ern () e (K)),
Umin(W)

(B.4)
here the inequality derivation uses Yy = Yx — |Xg — Xg||I, Xk = omin(W)I, and Young’s
inequality.

Moreover, the same covariance perturbation estimate as in [I1, Lemma 16|, using X = W,
gives

2
C(K) > |B|[(1+|lA - BK])
Umin(Q) Umin(W)
Together with the first step-size condition in (B.3)), this yields

ISk — Skl < 4( IK — K.

Y — 2 1
Zx — Tk || <z, (B.5)
Omin(W) 4
Since Y/ = W, we have |[|Xg|| > omin (W), and therefore
omin(W) | CK) _ [[Ex| , C(K)
Sl < 185 — Skl + 12k < + < + ,
IZxrl < Ex = Bkl + 2kl 1 p—re) 1 p—re)
and therefore, | X /|| < 3§C»([((c)g)' When 7 satisfies the second term in (B.3|), we have
1
nIZx Skl < 5 (B.6)
then 3 S — Sk 301 1 1
K — 2K
ool sl sl > 3 - 1 - -3

4 Umin(W) 4 4 4 4’

which ensure the descent property in gradient.

Inserting (B.5) and and upper-bound of ||YX /|| into (B.4), also combining the (B.1)), we

get the final inequality claimed in lemma. O

We now give the condition on H such that all C(K,,) are bounded. This is important since
many H-independent upper-bounds rely on C(K).
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We first specify a step size that satisfies the conditions of Lemma[B.3 uniformly over the sublevel
set

Ko:={K eK:C(K)<2Cp}.
For any K € Ky, Lemma and (A.10)) give

2Cy
Kl < .
H HF o \/Umin(W)Umin(R)

Hence
2CH
A—BK|| <Ay:=|A B .
4 BRI < Ay 5= 4] + | H\/ —
Moreover, ||Pk|| < - 2()(%)’ and therefore
2Cy|| B|I?
IR+ BT PcB < Sy = B + 2B
Umin(W)

Also, since PI(<Hh) = Px, we have uniformly in H and h,

2C 2C 2C
EM L < By = 0 B 0 Al +||B 0 .
H K,hHF = 50 ‘RH\/Umin(W)O—min(R) + H ”Umin(W) H H + H || Umin<W)Umin(R>

Furthermore, by Lemma

2Cy (|
Umin(Q)Umin(W)

sup || S5 < [Zoll + [W1])-
h>0

Consequently,

2C) (
min(Q)Umin(W)

sup |[VCr(K)||r < Go := 2Ep 120l + W)
H>1 o

We may therefore choose

. T 2 Omi *
o = min{1 ("mm(Q) mm(W)) ! 3min(Q) 25| } (B.7)

16 2Co |B||Go(1 4+ Ag)” 64CoSy * 202, (W)omin(R)

min

Thus, for every K € Ko, every H > 1, and every 0 < n < 19, the conditions of Lemma hold
uniformly. Moreover, the last term in ensures that 0 <y < 1/2.

Lemma B.4. Under Assumptions[2.]] and[2.3, suppose Q =0 and W = 0. Let 0 <n <mnpo. If

— 64C2 1 DI

1/2
gagﬁn (Q)U?mn(W) 4> Omin (Q)Ugﬁn (W)Umin(R) :| ’ (BS)

then the iterates of Algorithm 1 satisfy

K,ck, C(Kn) <2C,,  n>0.
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Proof. We argue by induction. Clearly Ky € Ky. Suppose K,, € Ky. Since n < 19, Lemma [B.3]
applies to K,,. In particular, K, is stabilizing and

C(Kn41) = C(K*) < (1= 7)(C(Kn) — C(K7))

16C(Kn)? 1 ;
o (9o;in<Q>o;in<w> * 4> [VCu(Kn) = VC(EK)|[E,

2. w min R
where v 1= n—amm(llEzill &)

By the induction hypothesis and Lemma |VCu(Ky,) — VC(K,)|r < %, and hence

(B.9)

2
i) = CK*) < (1= 9)(C) — CU) 41 (g 1)

+ —
go—rzllin(Q)O—ﬁlin(W) 4
By the condition on H,

6402 1 fQrad O'min(62)0'3 i (W)Jmin(R)
0 g < min )

9@ (W)~ 4) H2 = [yl

Therefore,

—2
77( 64Cg 1) Lgrad < Umin(Q)ailin(W)amin(R) = 'YUmin(Q)Umin(W)'

0020 (@02, (W) 1) H2 = IS5
Since C > omin(Q)omin (W), we obtain

2

64C2 1\ Lygraa
- < ~vCy.
! <9ar2rlin(Q)01211in(W) - 4) H? — 7o

Hence gives
C(Knpt1) — C(K*) < (1 =) (C(Ky,) — C(K*)) 4+ 7Co.
By the induction hypothesis C(K,,) < 2Cy, and 0 < v < 1/2 by the definition of ny,

C(Knt1) — C(K*) < (1 —7)(2Cy — C(K*)) +~Co
= 2Cy — C(K*) —v(Co — C(K*)) < 2Cy — C(K*),

where the last inequality follows from Cy > C(K*). Thus C(Kp4+1) < 2Cp. Together with
Lemma which ensures that K, is stabilizing, this completes the induction. ]

C Perturbation analysis

This appendix collects the local perturbation bounds needed in the model-free analysis. Standard
perturbation arguments for stationary infinite-horizon LQR are given in [I1, Lemmas 16, 19-20,
24-25], while finite-horizon perturbation bounds for time-varying policies are established in [16}
Lemmas 4.7-4.8].

The main point needed here is slightly different: since we optimize over a stationary stabi-
lizing policy, the local Lipschitz constants for the finite-horizon cost and gradient can be chosen
independently of the horizon H. We record this property below.
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Lemma C.1. Under Assumptions[2.1},[2.3 and[2.3, suppose Q > 0 and W = 0. Let K be stabilizing
and suppose
IK" = K|lp < 0k,

where

.— min Umin(Q)Umin(W)
oK = {40<K>||B||<1 T ||A—BK||>’1}'

Then K' is stabilizing, and there exist constants h! (K), h! (K), and h¢ (K), independent of

cost grad
H, such that
Cr(K') = Cr(K)| < hlop (K)|K' = K| p,
IVCH(K') = VOu(K)|F < bl g(K)| K — K]|p,
and

|C(K") = C(K)| < hoat (KK — K| .

cost

Moreover, these constants are polynomially bounded in C(K) and the system parameters.

Proof. Let

A=K — K, Ag := A — BK, Mg :=Q+ K'"RK.
The standard operator perturbation argument of [I1, Lemmas 19-20], together with Lemma
gives

[ Frr = Frll < cr(K)[AllF,

and

T T
[Terl < 20Tkl (1T ll < 20Tk ],

where c¢p(K) is polynomially bounded in C'(K) and the system parameters. The same pertur-
bation condition also implies that K’ is stabilizing; this follows, for example, from the Lyapunov
perturbation argument used in the proof of Lemma

Since
h—1

S = FR(Z0) + ) Fi(W),
t=0
and Yo, W > 0, positivity of Fx gives 0 < FI(30) = Tr(Zo) and 0 < S0 FL(W) < Ti(W).
Hence, by Lemma
C(K) (
Umin(Q)Umin(W)

iggHZﬁ(H < [T (1ol + [W]]) < 120l + [W1]).- (C.1)

Moreover,
h—1
S = = Y A (P - F ).
t=0
Using positivity of Fg+, (C.1)), and Z;:& ]-"g(,([ ) = Tk (I), we obtain

sup 1=K — £K||p < Le(K)|Allr, (C.2)

where Ly;(K) is independent of H and polynomially bounded in C'(K) and the system parameters.
For the gradient perturbation, recall from the proof of Lemma that

Pl = Mg + ALPY) Ak, P =0,

28



We also define ( ) "
T T
Expn=(R+B Pgy, B)K ~B Py A,

so that
2 g H) K
VCy(K) = =5 E_ h2n

The quantities P[(g% and Eg{)h are defined analogously with K replaced by K

Since PI(('h;z) = Pk, subtracting the recursions for K’ and K and using the same resolvent
argument gives
H H
sup | Piely, = Py e < Lp(K)||Allr, (C3)
H>1
0<h<H

where Lp(K) is independent of H and polynomially bounded in C'(K) and the system parameters.
Indeed, the difference satisfies

H H H H H
PD — P = FL (P L~ P + (Mo — M) + (Fio — F(PE, ),

and all forcing terms are O(||A|| ) uniformly in H.
Next,

By = Bip = (R BTPEL B)A + BT (P = P (BE - A).

Therefore,

H H
Bll|Alr+ IBIIPE )4y = Pl BE = Al

HE&{I—/{)}L _ (H)HF < HR"‘BTP( /h+1

Since P]((h;l) = Pk, (C.3), and Lemma [A.1| imply

(H) C(K)
sup || Py 4 || £ ——= + Lp(K),
Hoh || 7hH Umin(W) P( )
where we used [|A||p < 1. Together with
C(K)
BK — Al < ||A B
B - 4] nwwu¢mmwﬁmm,
this yields
H H
sup (|24, — Eigille < Le(K)|A]lp, (C4)
0<h<H-1

where Lg(K) is independent of H and polynomially bounded in C'(K) and the system parameters.
We now obtain the finite-horizon cost bound. Writing Mg+ := Q + (K')T RK’, we have

1 H-1
Cu(K) =4 > Tr(MgZE).

h=0

Using (C.1] - ), together with

Mg — M| r = O(|A]l ),
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gives

|CH(K,) ( )| < hcost( )HAHFa
with A (K) independent of H.
Similarly,
H-1
2 H H / H /
VCu(K') = VCa(K) = = 3" (B, - BYDSE + B - ).

h=0

By (C.1) and (C.2)), EhK/ is uniformly bounded. Moreover, Pi(gi) < Pk and Lemma |A.1|imply that
E}(H}i is uniformly bounded in H and h. Combining these bounds with (C.4]) gives

IVCr(K') = VCu(E)|F < Il oq (KAl R,

again with a constant independent of H.
Finally, the average-cost perturbation bound follows from the same resolvent argument as [11],
Lemma 24]. In our additive-noise average-cost setting,

C(K) = Tr(PkW),  Px =Tg (M),
so the same argument, with W playing the role of the initial second-moment matrix, gives

|C(K,) ( )|<hcost( )HAHF

The bounds in Lemmas and together with the bounds displayed above, show that all
constants are polynomially bounded in C'(K) and the system parameters. O

D Model-free policy-gradient analysis

In this appendix, we establish the auxiliary results used in the proof of Theorem We first
control the error of the zeroth-order gradient estimator, then derive a one-step descent inequality,
and finally choose the algorithmic parameters uniformly over the sublevel set Ky and show that all
iterates remain in this set with high probability.

Lemma D.1 (Gradient-estimation error). Let K be stabilizing, and fir ¢ > 0 and § € (0,1).
Suppose

0<r<rg :zmin{&K

Cu(K) C(K)
4h£ost( ) thSt( ) .

Then there exist constants vi,ax > 0, polynomially bounded in C(K) and the system and noise
parameters, such that if

D2Cy(K)? D*v% DaK}

1
mzc<Dlog5+log5> max{ 7202 22 g

for a universal constant ¢ > 0, then

P (IV(K) - VCH(K)|p <¢) 216,
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Proof. Define the intermediate estimator
1 & D,
— Z —5Cu(K +U;)Us.
m

E[V(K)] = VO, (K). We decompose
IV(K) = VO3 (K)||r < [IV(K) = V(K)|r + [V(K) = VCH(K)]| . (D.1)
Since r < 0k, Lemma applies to every K + U with |U||r = r. In particular,
Cr(K +U) = Cu(K)| < bl (K)r,

and
’C(K—i_ U) ( )‘ < hcost( ) T.

Since r < C’H(K)/(4hfost(K)) and r < C(K)/hl . (K), we obtain, uniformly over ||U|r =r,
Cu(K+U)< ZCH(K) < 2CyH(K), (D.2)

and
C(K+U)<20(K). (D.3)

We first control the random-direction error V(K) — VO (K). Define
D
X; = o} (CH(K + UZ) VeC(Ui) — EU[CH(K + U) VeC(U)]) .

Then E[X;] = 0 and
vee(V(K) — VO (K)) = % >ox.

D
r2

By (D.2) and |[Ui|r =7,

Cy(K + U;) vee(Us;)

and hence, after centering,

12Xl <

ADCu(K) (D.4)

Let A be a 1/2-net of the unit sphere SP~! with |N| < 5P. For each fixed v € N, the random
variables (v, X;) are independent, mean zero, and uniformly bounded by the right-hand side of
(D.4)). Thus, by a standard scalar Bernstein (or Hoeffding) inequality,

¢ ¢
]P) ( > 4> S 2exp <_ClmD2£'H(I{)2> ;

for a universal constant ¢; > 0. Using the standard 1/2-net inequality

m

LS e x)

i=1

]| < 2 sup |(v, )]
veEN
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and taking a union bound over N gives

- 7202
P (HV(K) — VCH(K)||F > g) < 2.5 exp <_ClmDZC’HC(K)2> . (D.5)

We next control the rollout error @(K ) — 6([( ). We first establish a uniform concentration
bound for the rollout costs. Fix U with ||U||r = r, and write

Ky:=K+U, Ay = A— BKy, My = Q+ K RKy.
Under Assumption the state process can be decomposed as
Tp = Tp + Tp, Tp, = Ao,

where xj, is a centered linear function of the independent sub-Gaussian variables appearing in the
initial state and process noises. Consequently, Cp;(Ky)—Cp(Ky) is the sum of a centered quadratic
form in these sub-Gaussian variables and a centered linear form.

The quadratic term is controlled by the same Hanson—Wright argument as in [16, Lemma 4.10].
The nonzero initial mean pg produces only the additional linear term. Since Kj; is stabilizing, the
closed-loop powers Alf] are geometrically summable, and hence this linear term is sub-Gaussian, with
parameters controlled by C(Ky) and the system and noise parameters. By (D.3), C(Ky) < 2C(K)
uniformly over ||U||r = r. Therefore, there exist constants vi,ax > 0, independent of U and H
and polynomially bounded in C(K) and the system and noise parameters, such that

Cu(K +U) - Cy(K +U) € SE(v, ak) (D.6)
uniformly over ||U||r = r. Now define
D ~
Y, = ﬁ(CH(K + U@) — CH(K + Ul)) VeC(Ui).

Conditional on U;, the rollout cost is unbiased, and hence E[Y;] = 0. Moreover,

vee(V(K) — V(K)) = % v

For any v € SP~1, |(v, vec(U;))| < r. Therefore, by (D.6]), (v,Y;) is sub-exponential with parameters

2,2
<DTQVK , D & ) . Bernstein’s inequality for independent mean-zero sub-exponential random variables
then gives
1 ¢ ¢ SIS
P( m;@,}/}) > 4) < 2exp [—CQmmln{DQV%{,M ,

for a universal constant co > 0. Using the same 1/2-net N and taking a union bound,

P <||§(K) —V(K)|F > g) < 2.5 exp [—CQmmin{ e “H . (D.7)

D2l/%< ’ DaK

Taking the universal constant ¢ in the statement sufficiently large, the stated lower bound on
m makes the right-hand sides of (D.5|) and at most 0/2 each. Therefore, by a union bound

and (D11 ]
IV(K) = VC(K)|Fr <¢

with probability at least 1 — 4.

32



Lemma D.2 (One-step analysis in the model-free case). Under Assumptions and
suppose @Q = 0 and W = 0. Let K be stabilizing, and choose r,m,(,d so that the conditions of
Lemma [D.1] hold. Define
Ex =C+hl_(K)r+ Lgrea ()
grad H

Consider the update

~

K':= K —nV(K).

If
n < < min 1 (Umin(Q)Umin(W)>2 1 30min(Q)
6\~ CK) IBI(INC)llr +&x) (1 + |[A— BK])’ 82C(K)[R + B PxB] |

(D.8)

then, with probability at least 1 — §, K’ is stabilizing and

2
C(K,) o C(K*) S (1 _ namln Umlﬂ ) K*))
HEK*H
(D.9)
n 16C(K 1) g2
! 9amm<@>a§m<w> ) e
Proof. By Lemma [D.I] with probability at least 1 — 4,
IV (5) = VO (E)|r < ¢ (D.10)

We work on this event.

We first relate the gradient estimator to the average-cost gradient. Since r < §x, Lemma
applies to every K + V with ||V < r. By the definition of the smoothed objective and differen-
tiation under the expectation,

VO (K) = Eyunits,) [VCu (K + V).

Therefore,
IVCH(K) = VCh(K)|lr <Ev[|VCh(K +V) - VCh(K)||F]

< h’grad( )T
Combining this bound with (D.10) and Lemma gives

IV(K) -~ VO(K)|[F < |V(E) — VO (E)||r

+[VCH(E) = VCr(K)|p + IVCn(K) ~VC(E)lr  (p1y)
L rad(K)
<C+hgrad( )T+ gH = k.
In particular, R
IVE)|r < [VO(E)|F + €k (D.12)

We next verify stability of the updated policy. Let
A=K —-K=-nV(K), Ax:=A-BK.

By (D.§)) and (D.12)),

i Umin(Q)Umin(W) ? 1
1AllF < 74 ( C(K) > IBII(L+ [ Axl)
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This is exactly the perturbation bound used in the proof of Lemma[B.3] Hence the same Lyapunov
argument yields
Px — (A— BK')" Pg(A - BK') » 0,

and therefore K’ is stabilizing.

Now define the gradient error e(K) := V(K) — VC(K). By (D.11), |[e(K)||r < Ek, and the
update can be written as

K' =K —n(VC(K) + e(K)).

Since both K and K’ are stabilizing, Lemma applies. The remainder of the argument is the same

inexact-gradient calculation as in the proof of Lemma[B.3] with e(K) replacing VCp (K)—VC(K).
In particular, the first condition in gives

Ex — Yk

<
Omin (W) -

1
47
and hence

4C(K)
3Umin(Q) '

Xk <
The second condition in then gives

NSk |IIR+ B PxB|| <

| —

Consequently, the calculation in Lemma B.3 yields

16C(K)?2
90721 ()07, (W)
Finally, applying the gradient-domination inequality in Lemma and using |le(K)||r < Ek gives

(D.9). O

CK") - () < = JIVO)I+ 0 1) el

Uniform parameter choices. We now choose the parameters in Lemmas[D.T]and [D.2] uniformly
over the sublevel set

Ko := {K € K : O(K) < 2Co).
By Lemma define

Bl = sup h (K), 7l = sup h! (K), he o == sup hd(K).

cost * T cost cost = cost
KeKg KekKg KekKo

These constants are finite and polynomially bounded in Cy and the system parameters.
We first specify a uniform error budget for the inexact gradient step. Set

64C3 1 | Xk ||
O = Y =, Lp:=90 :
’ 90-12nin(Q)0-12nin(W) " 4 ' Oaglin(W)UmiH(R)
and define
e._<%ﬁmmmmmm>m
v R '
Thus, with

o2 (W)omin(R)

min

IEgell

Y=
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we have
n0ges = vCy. (D.13)

Recall the uniform bounds Ay, Sp, Gy introduced in Appendix |B| Since VCy(K) — VC(K),
the bound defining G also yields ||[VC(K)||r < Gg on Kyg. We may therefore set

= min - <amm(Q)omm(W)>2 1 30min(Q) 1Sk
v 2Co IBII(Go +eo)(1+Ao)" 64C0oSo " 202, (W)omm(R) [

Then, for every K € Ko, whenever ||V(K) — VC(K)||p < e, any 0 < 5 < nit satisfies the step-size
condition of Lemma [D.2)
We next choose the perturbation radius and horizon so that the smoothing and finite-horizon

biases are uniformly small. For K € Ky, we have
C(K) <20y, |A— BK]| < Ag.

Moreover, for H > 2,

On(K) > T I(QW) > LTQW), O(K) = THQW).

Hence the pointwise radius condition r» < rx in Lemma is guaranteed by r < ryoc, where

. Umin(Q)Umin(W) TT(QW) TT(QW)
“°C‘_mm{8c*o||Br<1+Ao>’1’ sl e }

cost cost

For a target accuracy € > 0, define

(€) i =
ro(€) :=min< r
0 locy 4Ef me )

grad

and

€ €

— L 2L
Hy(e) := maX{Q, 4Lgrad —mf, 2} )

Then r < ro(e) and H > Hy(e) imply

—f Lgraq 1 € Lo
R+ <= =2

Consequently, if ¢ < ep/2 and € < Lyre?, then

¢+ Rl + gTad < ep. (D.14)

It remains to choose the sample size uniformly. By Lemma 3.2} for every K € Ko,

Lcost(K)
T

CH<K) SC(K) <20, +fcost :éH

Also, since the constants vg and ax in Lemma are polynomially bounded in C'(K) and the
system and noise parameters, we may define

V:= sup vg, Q= Ssup ag.
Keko KeKo



These quantities are finite and polynomially bounded in Cy and the system and noise parameters.

For N > 1, set

mo(¢, 0, N,r) := [c <Dlog5 + log ](;7) max{

D>Cy D% Da
7ﬁ2c2 ’ 7ﬁ2c2’ TC

Then, conditional on any K,, € Ko, m > mg(¢, 8, N, r) allows Lemma|[D.1|to be applied with failure

probability §/N.
Lemma D.3. Suppose

0<<§%°, 0<e<Lppe, 0<§<1,

and let N > 1. If

0<n§n6nf7 0<T§7’0(€), HEHO(G)a mZmO(C757N7T)?

then, with probability at least 1 — 6,
K, € Ky, n=0,...,N.
Proof. We argue by induction. The claim holds for n = 0 since Ky € Ky.

Let G,, denote the sigma-field generated by all perturbations and rollout randomness used before
iteration n, and suppose K,, € Ky. Conditional on G,, the policy K, is fixed and the randomness
used at iteration n is independent of the past. Hence, by the definition of mg(¢,d, N,r) and

Lemma [D.7]
an - VC}TLI(Kn)HF < C

with conditional probability at least 1 — d/N.
On the event (D.15), Lemma [C.1] Lemma [3.3} and (D.14)) yield

Lgrad(Kn)

IV = VO P < ¢+ g (Kn)r + =55

grad

_ T
< A gy + = < e

Therefore, since n < n{)nf, Lemma implies that K, is stabilizing and

O(Kn) — C(K*) < (1 =) (C(K,) — C(K*) + 0B},

Using (D.13)), this becomes

C(Kni1) — C(K*) < (1—7)(C(K,) — C(K*)) +4Co.

Since C(K,) < 2Cy,
C(Kni1) — C(K*) < (1 = 7)(2C0 — C(K*)) +Co
= 2C) — C(K*) — 7(Co — C(K™))
<2Cy — C(K*),

(D.15)

(D.16)

where we used Cp > C(K*). Thus C(Kp+1) < 2C), and together with stability this gives K, 41 €

Ko.

Applying the induction step for n =0,..., N — 1 and taking a union bound over the N condi-

tional failure events shows that
K, € Ky, n=20,...,N,
with probability at least 1 — 4.
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